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Example

Imagine a simple iterative process:
Xn+1 = Xn(1 — xp)

with some initial condition like xp = 0.1 and a single control
parameter r. What happens when r changes?

These are results for r = 3 (convergent), r = 3.3, r = 3.5 (period
doubling), and r = 3.6. What started rather orderly ended up in
“chaos” .1

1This is an example of a discrete chaotic system — there are also continuous

chaotic systems which will be in the focus in the following.
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Discrete chaos

This simple system shows such a rich behavor that [MAY 1976,
p. 467] writes:

“I would therefore urge that people be introduced to,
say, [this] equation early in their mathematical education.
[ .. ] Such study would greatly enrich the student’s intuiti-
on about nonlinear systems. Not only in research, but also
in the everyday world of politics and economics, we would
all be better off if more people realised that simple nonli-

near systems do not necessarily possess simple dynamical
properties.”
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The bifurcation diagram

A powerful tool to visualize the behavior of these (and other)
systems is the bifurcation diagram:
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What is a chaotic system?

chaotic system is
m a dynamical system, i.e., its state changes with time.

m It is deterministic, i. e., there is nothing “unknown” about the
system itself. . .

m Yet, long term predictions are impossible (weather prediction
is a good example — pretty good short term but basically
useless long term).

m It is highly sensitive to initial conditions and parameters —
even tiniest changes can and will alter the system’s behavior
substantially, i.e., nearby trajectories in phase space separate
exponentially fast.

m It is aperiodic, i. e., there are no regular cycles, no periodicity.

m It is topologically mixing: Every region of its phase space will
eventually overlap any other such region (think of mixing
different colors in a bucket by stirring it).
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A very short history3

In 1814 PIERRE-SIMON DE LAPLACE introduced what is now
known as LAPLACE's demon to illustrate the idea of causal
determinism.

The basic idea is that an all-knowing entity (the demon) knowing
position and momentum of every particle in the universe could
compute all past as well as future values based on classical
mechanics.

In 1880 HENRI POINCARE, studying orbital mechanics, realized
that orbits can be nonperiodic without either reaching a fixed point
or growing infinitely — a rather unexpected result.> Which helped
to kill the idea of LAPLACE’s demon.

At the heart of such problems lie differential equations:

?See [DIACU et al. 1996].
*See [OESTREICHER 2007].
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Differential equations

What are differential equations (DEQs)?
m They relate an unknown function to its derivative(s).

m Example: Which function f(t) equals its first derivative with
respect to t? Obviously something like f(t) = ce’.

m The above question would be normally stated as either
SF(t) = f(t) or just f = f when t is the free variable (which
is typically not even written as the argument).

m In contrast to simple algebra, the solution to a DEQ is not a
single value but a function or typically a family of functions.

m DEQs are the “language of nature” — they are incredibly
fascinating and notoriously difficult to solve. (Most do not
even have analytical solutions.)

m Like in the case of coupled linear equations, there are, of
course, also systems of coupled DEQs (linear and nonlinear),
there are even partial differential equations (PDEs) but these
are out of scope here.
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A very short history®

In the early 1960s, EDWARD NORTON LORENZ developed a
system of three coupled differential equations as a simplified model
of atmospheric convection.*

Using a Royal McBee LGP-30 digital computer® he realized that
even tiniest changes in the initial conditions of the system resulted
in a vastly different trajectory of the system in its phase space
(here with I1C (1,1,1 and (1,1,1.001)):

*See [LORENZ, 1963].
®Programming was done by ELLEN FETTER and MARGRET HAMILTON.
®See [OESTREICHER 2007].
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Lyapunov exponents

How quickly do these differences grow?

A central characteristic of a dynamical system is its spectrum of
LYAPUNOV exponents (this contains as many LYAPUNOV
exponents as the system has dimensions in the phase space).

Of these exponents the maximal one (MLE) is of interest:

1. |6(t
A= lim Iim f|n| (1)l
t—00 55| =0 t 0o

do is the initial separation vector. Two trajectories of the same
system started with initial conditions |dg| apart from each other
will diverge at a rate of

[(t)] = |ole™.

If A > 0, the system is chaotic. A “normal” chaotic system has one
positive MLE.
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Lyapunov exponents’
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Source: By Yapparina - Own work, CCO, https://commons.wikimedia.org/w/index.php?curid=42399467.

"If someone is looking for a thesis topic: Determining the MLE with a
hybrid computer setup would be highly interesting.
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Poincaré-Bendixson

In the following continuous dynamical systems are considered.
These are naturally described by systems of coupled differential
equations (DEQs).

How many equations are necessary to achieve chaotic behavior?
One is clearly not sufficient. Would two DEQs suffice?

No! The POINCARE-BENDIXSON theorem states that a
two-dimensional continuous dynamical system cannot exhibit a
chaotic behavior. At least three coupled DEQs are needed for that.
Note: That does not hold true for discrete dynamical systems.

Here, even a single dimension (logistic equation) may suffice for
chaotic behavior.
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Why should we care?

Why should we care?
m Chaotic systems are just highly interesting in themselves.

m Their phase space plots are often incredibly beautiful (you will
see quite some in the following).

m They teach us about the complexity of real-world systems (and
the impossibility to predict many things far into the future).

m They occur basically everywhere: Weather, climate, financial
markets, biological systems, control systems, etc.

m They can be used for cryptographic purposes, to generate
random numbers. ..

m They can be used for reservoir computing.
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Analog?

In the following chaotic systems will be implemented and treated

using analog computers. . .

?777...What is an analog computer and why should one do this?
m An analog computer is a non-algorithmic machine.

m |t consists of a (large) number of computing elements such as
integrators, summers, multipliers, etc.
m A program for an analog computer is a directed graph
specifying how these computing elements are connected.
m Values are typically represented as voltages or currents.
m Analog computers are
m things of beauty and joy forever!®
m Extremely powerful.
m Extremely energy efficient (factors of 10% over digital
computers are not uncommon).
m There are signs that chaotic systems can not be fully
simulated by digital computers (see [COVENEY 2024])!
8See [McLeod et al. 1958, p. 488].
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Digital vs. analog computer

Example: Solve a(b + ¢) on a digital and an analog computer:

LOAD A, RO
LOAD B, R1
LOAD C, R2

ADD R1, R2, R1
MULT RO, R1, RO
STORE RO,

a

N

oo
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Programming

Programming an analog computer is really straightforward:
m Write down the problem equations.

m Scale the equations since the voltage/current range for
variables in an analog computer program is limited (typically
to [—1,1]).

m Rearrange the equations so that the highest derivative is on
the left side.

m Create all lower derivatives and terms on the right side of the
equation using computing elements such as integrators,
summers, multipliers, coefficients, etc.

m Connect this result to the input of the very first integrator we
started with (feedback loop).

m Define initial conditions for the integrators.

m Let the magic happen...
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Example

Let us solve a simple DEQ on an analog computer: What is the
solution of y = —w?y?
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Advantages

Why should one use an analog computer at all?

m They are ideally suited to treat problems described by systems
of DEQs and to a certain extent even PDEs.

m All computing elements work 100% parallel.

m Solution times are typically much faster than on digital
computers (depending on the analog computer factors of
~ 103 can be achieved).

m They are highly energy efficient.

m Modern analog computers are programmed and controlled
from an attached digital computer so that one does not need
to care about the fact that one is using an analog computer
at all.
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The Lorenz system

The following example is much more difficult: The classic LORENZ
system is described by the scaled equations

x =18y — x,
y = 1.56x(1 — 2.678z) — 0.1y, and
z=1.bxy —0.2667z

The corresponding program looks like this:

+1
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Implementation

On a classic/traditional analog computer it looks like this:
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It should be noted that recent systems such as anabrid GmbH's
LUCIDAC and REDAC systems no longer need manual patching.

Programming is done using a Python library and a compiler stack.
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Nowadays the corresponding analog computer program just looks

like this:
fn X(t);
fn Y(t);
fn Z(t);
let diff[X,
let diffl[Y,
let diff[Z,
let X(t: 0)
let Y(t: 0)
let Z(t: 0)

t]
t]
t]

=1.8xY - X;

=156 %« X % (1 - 2.678 xZ) - 0.1 x Y;
=1.5xX *xY - 0.2667 * Z;

0.1;

0.0;

0.0;

plot(x: X(t), y: Y(t));

out X(t);
out Y(t);
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Phase space plots

Here are two analog phase space plots of this system:

Isn't that beautiful?
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So, what?

Now, why should we bother implementing chaotic systems using
analog computers (or, more generally, analog electronics)?

m Using the analog computer as a co-processor for a digital
computer, it makes it possible to explore the behavior of
dynamical systems highly efficiently. The digital computer
controls parameters and initial conditions and reads results
from the analog computer.

m Even with a stand alone analog computer one can explore the
behavior of highly complex systems as the following example
shows.

Let us have a look at another fascinating system:
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Lorenz '96

1996, LORENZ published another chaotic system which consists of
N € N, N > 4 coupled differential equations and only a single
control parameter F:°

Xi = (Xi+1 — Xi—2)Xi—1 — x; + F
with
X0 = XN,
X_1 = Xy—1, and
XN+1 = X1-
In the following we use N = 4:

X0 = 20(X1 — X2)X3 — Xp + F*,

N
—_ Y~ — —

)
X1 = 20(X2 — X3)X0 —x1 + F*,
Xp = 20(X3 - Xo)Xl — x> + F*, and

—~ ~ ~
S

X3 = 20(X0 — X1)X2 — X3+ F*

°See [LORENZ 1996, pp. 4 f.] and [STERK et al. 2017].
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Attractor types

Basically, a dynamical system may exhibit one of four attractor

types:

Point attractor: This is the most basic attractor type — a point to
which neighboring states in phase space are
attracted. There is no “escape” once the point
attractor has been reached.

Periodic attractor: This is a set of states of a dynamical system
towards which neighboring states converge in a cyclic
pattern (limit cycles).

Torus attractor: The system states lie on the surface of an
n-dimensional torus (example: a double pendulum).

Strange attractor: The system is aperiodic, i.e., it never repeats
but stays within a bounded region. Tiny differences
in initial conditions grow exponentially over time.

These can now be directly observed (FFT spectrum on the left,

phase space on the right (the point attractor is boring and

omitted) by varying F:
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Bifurcation diagram

A bifurcation diagram shows values reached (possibly
asymptotically) by a dynamical system, typically depending on a
control variable. This is the resulting display from varying F linearly
from 0 to a certain maximum value for the LORENZ '96 system:
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Hyperchaos

Is there more than “just chaos"?

While a normal chaotic system has one positive LYAPUNOV
exponent, hyperchaotic systems have at least two positive
LYAPUNOV exponents. This, in turn, means that at least four
coupled DEQs are necessary for hyperchaos to emerge.

A nice example is the system

X=ax—yz+w,
y = xz — by,
z=xy —cy, and
w=—-y—d

with a=8, b =40, c = 15, and d = 0.1.1° This has two positive
LYAPUNOV exponents: 3.036 and 0.01.
19See [BENKOUIDER et al. 2024].
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Hyperchaos

GIERR
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Randomness

For sufficiently large values of F the frequency spectrum of the
LORENZ '96 system looks like that of a noise source.

Can a chaotic system be used as a source of randomness? Yes!!!

This can be an alternative to more direct means of noise/random
generation such as JOHNSON—NYQUIST noise voltage over a
resistor, shot noise in a ZENER diode, or radioactive decay
processes.

Applications for this are abundant:
m Key generation for cryptographic and security applications.
m Random number generation for simulations, etc.

m Random selection.

See [YU et al. 2019]. [NGUYEN et al. 2020] uses a hyperchaotic system as
random source.
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Cryptography

m Using chaotic systems for secure key generation.

m BARN (bury among random numbers): Generate a true
random bitstream and interject (or XOR) data bits at
positions known only to transmitter and receiver'?
(Effectively, this is a steganographic stream cipher.)

m Another application of chaotic systems to cryptography is
based on the observation that chaotic systems can be
synchronized.!3

m Using this approach, speech can be masked!'* or images can
be transmitted.'®

12See [TATARKIEWICZ et al. 2024].
13See [PECORA et al. 2015] and [PADMANABAN et al. 2011].
14See [CUOMO et al. 1993].
®See [GUILLEN-FERNANDEZ et al. 2019].
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Cryptography

Chaotic systems can be used like this, e.g.:1®

Slave Chaotic Oscillator

1 11 [
1 Chaotic Sm 11 Sc=Sm+So | S0’=5c:SE
| |Transmitter T 1 1

1 [ 1

1 11 |

| 1| 1

L 1 : Chaotic 1

I 1 i |

| b Receiver SesSh |

| 11 1

| 11 1

| [ 1

I 11 |

See [GUILLEN-FERNANDEZ et al. 2019]. Here, digital implementations
(FPGA based) of such systems are used but it would be worthwhile to dive
deeper into analog realizations of such systems.
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Simple transistor circuits

A fascinating approach was taken by MINATI and colleagues!”:
Electronic circuits of up to eight nodes, two of which were BJTs,
were encoded by an 85 bit random sequence. The circuit was then
pruned to remove short circuited components, etc. Circuits
containing at least one inductor, one capacitor, and one BJT were
considered valid and fed into a SPICE simulation.

7See [MINATI et al. 2017], etc.
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Simple transistor circuits

This resulted in 49 novel basic circuits exhibiting chaotic behavior

with this being the smallest one:18
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8The attractors were obtained with different component values.
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Application to sensors

Such simple chaotic circuits can be used as a basis for distributed
networks of sensors in a large area.!?

Sensor
Network

S Far-field Spectrum Neural
4 antenna  Amplifier Analyzer network(s)

#®) ~
Byl
| > MMW f V)
Sxy)
Sensor Near-field Spectrum Neural

Network Ss (o) antenna Amplifier Analyzer network(s)
A lf )
MWW J SVlfeeyl

9See [FossI et al. 2025].
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Application to sensors

20

A typical circuit can be as simple as this one:

L,
N ] (550)
Ly
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2See [FossI et al. 2025].
36/48 Prof. Dr. Bernd Ulmann, anabrid GmbH 10. Oktober 2026



Discrete chaos

So much about continuous chaos. What about discrete systems? In
contrast to the continuous systems shown before they evolve in
discrete time steps and thus require some form of clock and some
storage elements (sampledhold, SAH).

The archetypal discrete system exhibiting chaotic behavior is the
logistic equation of the general form
Xn+1 = Xn(1 — xn)

with a single parameter r which has already be shown.??

ZDetails can be found in [MAY 1976], [STROGATZ 2015, pp. 360 ff.], and
[STEEB et al. 1989, pp. 14 ff.].
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The logistic equation

[WU et al. 2022] propose a slightly different model exhibiting
similar dynamics while avoiding this initial value problem:

Xep1 = b — ax? (5)

The resulting program is straightforward and varying the
parameters automatically, a bifurcation diagram can be created:

O T4
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The Cathala attractor

A more complex example is the CATHALA attractor®?:

Xp4+1 = axp + yn and

Ynt1 = —b+ Xr21

with a = 0.7 and b = 0.82. This requires two sample&hold
elements:

—Xn+t

S&H

2Gee http://www.3d-meier.de/tut19/Seite53.html, retrieved
30.09.2026.
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The Cathala attractor
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Random generators

Such time discrete chaotic sy-
stems are ideally suited as the ba-
sis for random generators.

The underlying clock signal and
the SAH elements are ideal for
analog-digital-conversion (ADC).
The ADC may be as simple as
a one-bit ADC feeding some di-
gital post-processing logic, such
as a debiasing block (basically a
feedback shift-register) followed
by a simple decorrelation block.
A nice example can be found in
[NEJATI et al. 2012].

il lout | |
e A
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L
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Thank you!

Thank you for your interest
and
happy analog computing!

If you are (now :-) ) also
fascinated by chaotic systems
and analog computers, please

contact the author at

ulmann@anabrid. com.

Save the date: Analog
Computing Days '27 in
Frankfurt/Main, Germany,
9./10.08.2027, https://
analog-computing-days.org.
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